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Vibration Suppression of Flexible Beams with Bonded
Piezotransducers Using Wave-Absorbing Controllers

A. Youse� -Koma ¤ and G. Vukovich†

Canadian Space Agency, St. Hubert, Quebec J3Y 8Y9, Canada

A new wave-absorbing controller is designed for active control of smart structures. First, a novel dynamic wave
model of piezosensors (as strain and strain rate sensors) is introduced. Second, a new wave state-space model
of an integrated smart structure, consisting of a � exible beam with bonded piezosensors and piezoactuators for
different collocated and noncollocated con� gurations, is derived. After de� ning output and input wave functions,
a control system is then designed based on pushing the ratio of aggregate output to aggregate input wave functions
toward zero. A simple proportional integral (PI) realization of the controller is introduced that depends only on
the mechanical parameters of system and can be easily designed and employed. Whereas the controller is very
easy to design and implement, results show its effectiveness.

I. Introduction

T HERE have been numerous investigations on the modeling
of � exible structures, particularly � exible beams, which are

common elements of large structures and robotics. Because of the
complexityof the equationsof motion, discretizationtechniquesare
frequentlyused to constructa � nite-dimensionalsystem of ordinary
differential equations. However, reducing the in� nite-dimensional
distributed systems to a � nite-dimensional system (discretization)
causes some problems, such as spillover1 and sensitivity to small
parameter perturbation of the structure.2 Another limitation of dis-
cretization methods is that a great many modes may need to be
considered, especially if it is desired to control the vibrations of
large � exible structures or over a wide frequency range.3

An alternative to discretization techniques is distributed model-
ing, such as wave modeling of � exural motion. Wave modeling is
suitablefor many � exible structures,such as beams, plates, etc., that
can serve as waveguides, thus allowing the response of the � exible
system to be viewed as propagating � exural waves.4

Dynamic wave modeling of � exible structures can be used to
design controllers based on wave absorption. Application of wave-
absorbing controllers (WAC) in � exible structures has been studied
in the recent years. To date WAC has been used primarily in ac-
tive control systems with point sensors and actuators such as strain
gauges and torque motors.5 ¡ 7 For example, Tanaka and Kikushima8

designed a wave controller for � exible beams using an electrody-
namic exciter and gap sensors. Fujii and Ohtsuka9 also applied this
method to a � exible beam with a torque motor actuator and strain
gauge sensors. Because traveling waves are, in nature, distributed
continuousphenomena, it is appropriate to employ distributed sen-
sors and actuators in wave-basedcontrol systems. Among a number
of possible choices, one of the suitable transducersis the distributed
piezoelement.There is little literatureon the applicationof WAC for
smart structuresusingpiezoelements.Pines and von Flotow10 devel-
oped a wave controller for smart structures using piezoceramic ac-
tuators to control high-frequencyacousticwaves of a � exible beam;
however the sensors were point sensors, that is, strain gauges. On
the other hand, in most previous literature,7 the � nal expressions
of wave controllers were highly nonlinear with half-differentiator
and integrator elements that made it very dif� cult to realize actual
implementation in the time domain. In addition, the wave method
was most often used for high-frequency,for example, acoustics and
noise control.
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Based on the idea and the methodologyintroducedby von Flotow
and Schäfer6 and Pines andvon Flotow,10 in this researchan easy de-
sign active control system was found for control of smart structures
with bondeddistributedpiezoelectricsensors and actuators that can
also be implemented for low-frequency vibration control. New dy-
namic wave models of distributed piezotransducersare developed,
whereas, as mentioned earlier, in the previous literature most often
point transducers were used.5 Deriving the wave equations of the
piezosensors as both strain and strain rate sensors eliminates the
need for differentiation in the control system, which usually faces
noise problems. Different collocated and noncollocated con� gura-
tions of distributed piezoelectric sensors and actuators are studied,
and a wave state-space model of the integrated smart structure is
introduced. Finally, a proportional integral (PI) parameter-based
approximation of the original nonlinear wave controller is intro-
duced that is easy to design and implement with an effective active
damping. The control gains can be obtained from a simple formula
without knowledge of the dynamic model. This is a big advantage
over most conventional controllers.

II. Dynamic Wave Modeling
A novel dynamic model of a smart structure is developed with

respect to travelingwaves. The smart structureconsists of a � exible
beam with distributed piezoelectric sensors and actuators.

A. Flexural Vibrations
The � exural vibration of an Euler–Bernoulli beam in the Laplace

domain can be expressed by the following9:

@4

@x4
v(x , s) +

q bs2

Eb Ib

v(x , s) = 0 (1)

where v is the vertical displacementof the beam; Eb , Ib , and q b are
elastic modulus, moment of inertia of the cross section, and mass
per length of the � exible beam, respectively; and s is the Laplace
variable. The solution of Eq. (1) describes the transverse vibration
of the � exible beam that can be expressed in the frequency domain
using the Fourier transform

v(x , x ) = A1e
¡ i l x + A2e ¡ l x + B1e

i l x + B2e l x (2)

where

l = Ï x / a , a = Ï Eb Ib / q b (3)

A1 , A2 , B1 , and B2 are constants that can be obtained from the
boundary conditions, and v(x , x ) can also be written in terms of
so-called � exural waves, as de� ned by Pines and von Flotow10:

v(x , x ) = a1(x , x ) + a2(x , x ) + b1(x , x ) + b2(x , x ) (4)
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Fig. 1 Piezosensor on the � exible beam.

where

a1(x , x ) = A1e ¡ i l x , a2(x , x ) = A2e ¡ l x

b1(x, x ) = B1e
i l x , b2(x , x ) = B2e l x (5)

where subscript1 representstravelingwaves and subscript2 evanes-
cent waves for which amplitudes decay exponentially with x . The
directionsof the wave elements are as shown in Fig. 1. Here a1 and
a2 are waves traveling in the positive x direction, and b1 and b2

represent waves in the negative direction. A wave function can be
de� ned by the summation of the wave elements [Eq. (4)].

We de� ne a wave state vector w at position xi as

wi ´ [a1(xi , x ) a2(xi , x ) b1(xi , x ) b2(xi , x )]0 (6)

where the superscript prime denotes the transpose of a vector or
matrix. A physical state vector s at position xi can be de� ned as

si ´ [v(xi , x ) h (xi , x ) M(xi , x ) V (xi , x )]0 (7)

where h , M , and V are slope, bending moment, and shear force of
the � exible beam, respectively. These two vectors are related by a
coef� cient matrix H as follows:

si = Hwi (8)

where

H =
é
êêë

1 1 1 1

¡ i l ¡ l i l l

¡ Eb Ib l 2 Eb Ib l 2 ¡ Eb Ib l 2 Eb Ib l 2

¡ i Eb Ib l 3 Eb Ib l 3 i Eb Ib l 3 ¡ Eb Ib l 3

ùúúû
(9)

As described by von Flotow and Schäfer6 using the de� nition of
the wave state vector [Eq. (6)] the dynamic state space equation of
the wave can be written as

dw
dx

= g w, g = l
é
êêë

¡ i 0 0 0

0 ¡ 1 0 0

0 0 i 0

0 0 0 1

ùúúû
(10)

and the wave state vectors at positions xi and x j can be related as

w j = Ti j wi (11)

where the spatial transition matrix Ti j is given by

Ti j =
é
êêë

e ¡ ik i j 0 0 0

0 e ¡ ki j 0 0

0 0 eik i j 0

0 0 0 eki j

ùúúû
(12)

and ki j is a dimensionless parameter given by

ki j = (x j ¡ xi ) l (13)

B. Strain and Strain Rate Piezosensors
In this sectiona newdynamicwave modelof distributedpiezosen-

sor is developed.Piezoelementscan be used as strain and strain rate
sensors. In this study polarizedhemopolymerof vinylidene� uoride
(PVDF) piezo� lm sensors11 are attached to the surface of the � exi-
ble beam (Fig. 1). The output voltage and current of the piezosensor

is proportional to the strain and strain rate, that is, moment and
moment rate, respectively,12

Vs =
Esd31s Ws

Cs
* (xs + ms )

(xs ¡ ms )

e dx

= ¡ sgn(z)
tb Esd31s Ws

2Eb IbCs
* (xs + m s )

(xs ¡ m s )

M dx (14)

Is = (Esd31s Ws) * (xs + m s )

(xs ¡ m s )

de

dt
dx

= ¡ sgn(z)
tb Esd31s Ws

2Eb Ib
* (xs + m s )

(xs ¡ m s )

dM

dt
dx (15)

where Es , Ws , d31s , and Cs are elastic modulus, width, strain con-
stant, and electric capacitance of the piezosensor, respectively; xs

and m s are midpoint position and half-length of the piezosensor,
respectively; e and M are strain and bending moment, respectively;
and tb is beam thickness.

Using Eqs. (6–10) and expressing bending moment M with re-
spect to the wave elements, we can express the output signals of the
piezosensor by the wave state vectors as

Vs = ¡ sgn(z)
tb Esd31s Ws

2Eb IbCs ( M0! a

x ) [ ¡ i ¡ 1 i 1 ]{w j ¡ wi }

(16)

Is = ¡ sgn(z)
tb Esd31s Ws

2Eb Ib
(M0

p
a x )[ 1 ¡ i ¡ 1 i ]{w j ¡ wi }

(17)

where

M0 ´ Eb Ib l 2 (18)

C. Moment Piezoactuators
The active effect of a pair of piezoactuators can be modeled as

a pair of concentrated moments Ma (Fig. 2) at the end point of
piezoactuators.12,13 PZT piezoceramics(BM 532)14 are bondedonto
the surface of the beam and employed as the actuators. Introducing
stiffness and thickness ratios as

T ´
(EWt )b

(EWt )a
t̃ ´

ta
tb

(19)

where E , W , and t are elastic modulus, width, and thickness and
subscriptsb and a representthe � exible beam and the piezoactautor,
respectively;we can write the induced moment Ma as13

Ma = (Ea Wata tb)
T (1 + t̃ )

T + 6(1 + 2t̃ + 4
3
t̃ 2)

K (20)

where K is the strain induced by piezoelectric effect under the ap-
plied voltage V ,

K = (d31a / ta )V (21)

Using the methodologyintroducedby Pines and von Flotow6 and
considering the induced bending moment as the boundary condi-
tions, we can use the following equations at the endpoints of the
piezoactuators to incorporate Ma in the dynamic model:

s+
j = s ¡

j + [0 0 1 0 ]0 Ma s ¡
i = s+

i + [ 0 0 1 0 ]0 Ma

(22)

Fig. 2 Induced moments by piezoactuators.
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where superscripts ¡ and + denote left and right neighborhoodsat
the speci� c positions, respectively.Using Eqs. (8) and (11) we can
write the preceding two equations as

Hw+
j = HTi j w

+
i + [ 0 0 1 0]0 Ma (23)

Hw ¡
i = Hw+

i + [0 0 1 0]0 Ma (24)

Substituting w+
i from Eq. (24) into Eq. (23) results in

[ I ¡ Ti j ][ w+
j

w ¡
i
] = X i j Ma (25)

where

X i j = ( ¡ Ti j + I)H ¡ 1[ 0 0 1 0]0 (26)

D. Smart Structure
The dynamicsof three different con� gurationsof the smart struc-

tures with collocated and noncollocated transducers are studied in
this section. The � nal dynamic equations are expressed via � exural
waves of the sensing area.

1. NoncollocationTransducers
A smart structure with a pair of bonded piezoactuators (top and

bottom) and two pairs of bondedpiezosensorsis considered(Fig. 3).
The � rst pair of piezosensors(1 and 2) measures the strains, and the
second pair (3 and 4) measures the strain rates. The total sensing
area is the entire extent of x1 –x6.

The wave state vectors at the end positions of the piezoactuators
can be written [using Eq. (11)] as

w ¡
3 = T13w1 , w+

4 = T ¡ 1
46 w6 (27)

Substituting the Eq. (27) in Eq. (25) yields

[ I T ¡ 1
46 ¡ T34T13 ][ w6

w1 ] = X 34 Ma (28)

We wish to express the dynamic equation of the smart structure
with respect to the input and outputwave vectorsof the total sensing
area (wi and wo ),

wi = [ a1(1) a2(1) b1(6) b2(6)]

wo ´ [b1(1) b2(1) a1(6) a2(6)]0 (29)

Thus, Eq. (28) can be rearranged as

S1wi + S2wo = X 34 Ma (30)

where

S1 =
é
êêë

¡ e ¡ ik14 0 0 0

0 ¡ e ¡ k14 0 0

0 0 ¡ e ¡ i k46 0

0 0 0 ¡ e ¡ k46

ùúúû

S2 =
é
êêë

0 0 eik46 0

0 0 0 ek46

¡ ei k14 0 0 0

0 ¡ ek14 0 0

ùúúû
(31)

Fig. 3 Smart structure with noncollocated piezotransducers.

Expressing the output wave vector via the input wave vector [using
Eq. (30)], we can write the � nal dynamic equation of the smart
structure as follows:

wo = Tolwi + U Ma (32)

where

U = S ¡ 1
2 X 34 =

1

4M0

é
êêêë

e ¡ i k14 ¡ e ¡ i k13

e ¡ k13 ¡ e ¡ k14

e ¡ i k36 ¡ e ¡ i k46

e ¡ k46 ¡ e ¡ k36

ùúúúû
(33)

and Tol is the open-loop transition matrix between output and input
waves given by

Tol = ¡ S ¡ 1
2 S1 =

é
êêë

0 0 e ¡ ik16 0

0 0 0 e ¡ k16

e ¡ ik16 0 0 0

0 e ¡ k16 0 0

ùúúû
(34)

2. Collocation of Transducers of Unequal Length
In this case instead of four piezosensors we assume two long

piezosensors are used (Fig. 4). Sensor 1 measures the strain and
sensor 2 measures the strain rate. The numbering similar to the
preceding case [Eq. (32)] without any change can be used for this
case.

3. Collocation for Equal Length Transducers
This case is exactly like the preceding case except the length of

the sensors and actuators are equal (Fig. 5). The two point pairs, 1
and 3 and 4 and 6, are geometrically superimposed, that is, x1 = x3

and x4 = x6; thus, U [Eq. (33)] can then be simpli� ed to

U = (1/ 4M0)[(e ¡ ik16 ¡ 1)(1 ¡ e ¡ k16 )(e ¡ ik16 ¡ 1)(1 ¡ e ¡ k16 )]0

(35)

III. Frequency-Domain Wave Controller
In this section the wave-absorbing method is used to design an

active control system for smart structures.As mentionedearlier, be-
cause only the local parameters of the system such as piezoelement
lengths and their relative positions are considered, this controller is
termed a local wave-absorbingcontroller (LWAC).

Fig. 4 Smart structure with unequal length collocated transducers.

Fig. 5 Smart structure with equal length collocated transducers.
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A. Noncollocated LWAC
A physicalmodel of the smart structurewith noncollocatedtrans-

ducers as shown in Fig. 3 is the subject of interest here. A feedback
control loop in which the control voltage is proportionalto the sum-
mation of the output currents of piezosensors3 and 4 is used15:

Va( x ) = c( x )[Is3( x ) + Is4( x )] (36)

The other two sensors (1 and 2) are used for strain measurements.
As mentioned earlier, the output voltage and current of a piezosen-
sor are proportional to strain and strain rate respectively [Eqs. (14)
and (15)]. Because xs1 = xs3 and ls1 = ls3 and xs2 = xs4 and ls2 = ls4

(where xs and ls are the length and the midpoint position of the
piezosensors, see Fig. 3), the output voltages of piezosensors 1
and 2 are proportional to the time integration of output currents
of piezosensors 3 and 4, respectively. This eliminates the need for
integrating elements in the control loop.

EmployingEqs. (17), (20), and (36), we will thenhave the induced
control moment

Ma( x ) = c( x ) W C ( x ){(w2 ¡ w1) + (w6 ¡ w5)} (37)

where

W = ¡ sgn(z)
t 2
b (Esd31s Ws)(Ead31a Wa )

2Eb Ib

T (1 + t̃ )

T + 6(1 + 2t̃ + 4
3
t̃ 2)

(38)

where subscript a denotes the piezoactuatorand C ( x ) is a vector as
follows:

C ( x ) ´ [C 1 j C 2] ´ (M0

p
a x )[1 ¡ i j ¡ 1 i ] (39)

where

C 1 ´ ( M0

p
a x )[1 ¡ i] C 2 ´ (M0

p
a x )[ ¡ 1 i] (40)

To obtain the closed-loop relation between the output and input
waves, Ma [Eq. (37)] can be expressed in terms of wi and wo as
follows:

Ma ( x ) = c( x ) W ([ ¡ C 1 d 1 j C 2]wi + [ ¡ C 2 d 2 j C 1]wo) (41)

where d 1 and d 2 are

d 1 ´ [ 1 ¡ e ¡ ik12 + e ¡ ik15 0

0 1 ¡ e ¡ k12 + e ¡ k15 ]
d 2 ´ [ 1 ¡ eik12 + eik15 0

0 1 ¡ ek12 + ek15 ] (42)

The input and output waves, that is, wi and wo , are givenby Eq. (29).
SubstitutingMa fromEq. (41) intoEq. (30)gives the � nal expression
of output wave vector with respect to the input wave vector:

wo = [(I ¡ c( x ) W U l 2) ¡ 1(Tol + c( x ) W U l 1)]wi

(43)

where

l 1 ´ [ ¡ C 1 d 1 j C 2], l 2 ´ [ ¡ C 2 d 2 j C 1] (44)

Thus, the closed-looptransitionmatrix between the outputand input
wave vectors can be de� ned as

Tcl = [I ¡ c( x ) W U l 2] ¡ 1[Tol + c( x ) W U l 1] (45)

Ignoring the evanescent elements of the wave function, that is,
elements with subscript 2, that decay exponentiallywith x , the ag-
gregate wave function input into the sensing area WT i and the ag-
gregate output wave function from the sensing area WT o are de� ned
as (Fig. 6):

WT i = a1(1) + b1(6), WT o = a1(6) + b1(1) (46)

Fig. 6 Input and output traveling waves.

Thus, using Eqs. (43) and (45), we have

WT o = [Tcl(1, 1) + Tcl(3, 1)]a1(1) + [Tcl(1, 3) + Tcl(3, 3)]b1(6)

(47)

To simplify the complicated elements of the closed-loop transition
matrix Tcl, the following geometric assumptions are used for the
lengths and placements of the transducers:

ls1,3 = ls2,4 , xa = (xs1,3 + xs2,4) / 2 (48)

These reasonable assumptions also introduce some symmetry into
some of the Tcl elements. The simpli� ed elements of Tcl can then
be written as

Tcl(1, 1) = Tcl(3, 3) = (
p

a x W / 4 D )c( x )[(e ¡ ik13 ¡ e ¡ ik14 )

£ (1 ¡ e ¡ i k12 + e ¡ i k15 ¡ e ¡ ik16 )] (49)

and

Tcl(1, 3) = Tcl(3, 1) = (1/ D ){ ¡ e ¡ ik16 + (
p

a x / 4) W c( x )

£ [(e ¡ i k14 ¡ e ¡ ik13 )(1 + e ¡ i k16 ) + ie ¡ ik16 (2e ¡ k14 ¡ 2e ¡ k13

+ e ¡ k23 + ek23 ¡ e ¡ k24 ¡ ek24 )]} (50)

where D is the determinant of [I ¡ c( x ) W l 2]. By the use of the
preceding symmetric properties, Eqs. (46) and (47) yield

WT o = [Tcl(1, 1) + Tcl(1, 3)]WT i (51)

which gives the � nal relation between aggregate output and input
wave functions.

As the control criterionwe push the ratio of aggregateoutput and
input wave functions toward zero, and consequently, this causes a
damping in the output wave amplitudes.This ratio can be written as
follows using Eq. (51):

WT o / WT i = Tcl(1, 1) + Tcl(1, 3) (52)

Thus, the control objective will be

WT o / WT i = 0 (53)

ReplacingTcl(1, 1) and Tcl(1, 3) from Eqs. (49) and (50) and solving
the preceding equations result in the � nal expression of the LWAC
in the frequency domain:

1/c( x ) = (
p

a x / 4) W [(e ¡ ik14 ¡ e ¡ ik13 )(2 + e ¡ ik15 ¡ e ¡ ik12 )eik16

+ i (2e ¡ k14 ¡ 2e ¡ k13 + e ¡ k23 + ek23 ¡ e ¡ k24 ¡ ek24 )] (54)

B. Collocated LWAC (Unequal Length Transducers)
We now examine the case of a model with transducersof unequal

length, as shown in Fig. 4. To use the equations derived in the pre-
ceding section, we assume this as a special case of noncollocation
but with piezosensors extended to reach each other, that is, x2 = x5.
The two piezosensorsare the same, the one used for strain rate mea-
surement (piezosensor 2) and the other for the strain measurement
(piezosensor1). The voltage command in this case is

Va ( x ) = c( x ) Is2( x ) (55)

and wi and wo will be the same as in the earlier case. The geometric
simpli� cation assumption is

xa = xs1 = xs2 (56)
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The controlcriterionis thatof theprecedingsection,that is, h (c) = 0,
and results in the following LWAC for this case:

1/c( x ) = (
p

a x / 2) W [(e ¡ ik14 ¡ e ¡ ik13 )eik16 + i (e ¡ k14 ¡ e ¡ k13 )]
(57)

C. Collocated LWAC (Equal Length Transducers)
For the smart structuremodelwith collocatedtransducersof equal

length, located at the same position (Fig. 5)

la = ls1 = ls2 xa = xs1 = xs2 (58)

In this case the control criterion, that is, h (c) =0, leads to the col-
located LWAC:

1/c( x ) = (
p

a x / 2) W [(1 ¡ ei k16 ) + i (e ¡ k16 ¡ 1)] (59)

IV. Simpli� ed LWAC
In general the wave-absorbing method produces controllers that

are dif� cult to realize in practice due to the necessity for half-
integrations and half-differentiations,6,9,16 among other things. To
more easily implement the LWACs in the time domain, some ap-
proximationsof the controllersare needed.6,17 In the following sec-
tions new techniques to obtain simple versions of the LWAC are
developed.

A. Analytical Parameter-Based LWAC (APB LWAC)
We showthat in thecaseofcollocatedpiezotransducerswith equal

lengths it is possible to derive a simple analytical approximation
of the LWAC, that is, c( x ) given by Eq. (59), that can be easily
implemented in the time domain. For low frequencies and for short
piezoelements, k16 is much less than 1, so that we can ignore the
higher power terms of k16 that appear in the exponential expansion.
This is the case of interest in most � exural vibrationcontrol systems
(k16 value is examined in the next section for the model studied in
this paper). Ignoring the higher orders of k16 , that is, powers greater
than two, the exponential expansion of the local wave-absorbing
controller, de� ned by Eq. (59), can be simpli� ed to the following:

c( x ) =
2

W
p

a

1
p

x [ b 2
16 x / 2 + i(2b 16

p
x ¡ b 2

16 x / 2)

4b 2
16 x ] (60)

where

b 16 = k16 /
p

x = (x6 ¡ x1) /
p

a (61)

This is an expression for the second order of expansionof c( x ). On
substituting a and from b 16 from Eqs. (3) and (61), respectively,
c( x ) can be rewritten as follows:

c( x ) = [( ¡
1
W

1
la ) 1

(i x )] + [1
W

0.25

Ï
p

Eb Ib / q b

1
p

x
(1 ¡ i )] (62)

where la = x6 ¡ x1 is the piezoactuator length. The � rst component
is an integration operator [1/ (i x )]. To simplify the realization, we
ignore the imaginary part of the second component [Eq. (62)]. This
simpli� cation is examined in Sec. V in which the Bode plots show
only a little error. If we are interested in vibration control around
the � rst vibrational mode, which is true in many active vibrational
control tasks, the second component can be written as

1
W

0.25

Ï
p

Eb Ib / q b

1
p

x 1

(63)

Finally, from Eqs. (62) and (63), the approximationof the LWAC
becomes a simple PI controller, the gains of which can be easily
obtained from

proportionalgain ´
0.25

W Ï x 1

p
Eb Ib / q b

integralgain ´ ¡
1

W la

(64)

Because W depends on only the parameters of the composite smart
structure,thecontrolgainscansimplybe calculatedfromknowledge
of system physical parameters. As mentioned earlier [Eq. (36)], the

input signal to this controller is the output currents of the piezosen-
sors, that is, strain rate. Thus using a PI controlleractually strain and
strain rate are used to provide the control command. This approxi-
mation providesan analyticalparameter-based(APB) LWAC design
that can be easily implemented in practice.The controller gains can
beobtainedfroma simple formula[Eq. (64)], which,unliketheusual
dynamic model-basedcontrollerssuch as linear quadratic regulator,
requires no simulation process to obtain the control gains. This is a
substantial advantage over conventional controllers.

B. Curve Fit Model (CFM) of LWAC
Another approach for approximationof the LWAC is particularly

suitable for the cases for which analytical approximationsare very
dif� cult to obtain, for example, noncollocated LWAC. From the
Bode plots of the LWAC, it is possibleto � nd a suitablePI realization
around the low-frequency range by curve matching of the original
magnitudeand phase plots.This enablesus to implement the LWAC
in the time domain. In the next section comparisons between the
original LWAC and curve � t model (CFM) LWAC are made, and
their performances for sample structures are compared.

V. Frequency- and Time-Domain Results of LWAC
In this section we study the performance of LWAC in both the

frequency and time domains. A physical model of a smart struc-
ture consisting of a 1-m-long � exible aluminum beam 52 mm in
width and 0.8 mm in thickness, PVDF piezo� lm sensors11 13 mm
in width and 0.028 mm in thickness, and a pair of identical PZT
piezoceramic actuators (BM 532)14 25.4 mm in width and 0.3 mm
in thickness is considered.For this con� guration of smart structure,
W = ¡ 2.22762 £ 10 ¡ 9 N/V2 and a =1.1904 m2/s. LWAC and its
simpli� ed versions are then applied to active vibration control of
the � exible beam with an initial tip displacementof 4 mm.

A. Collocation (Equal Length Transducers)
Piezosensors with the same length as the actuator length

are used for this case of collocation: ls1,2 = la = 150 mm and
xs = 500 mm. Around the � rst mode frequency( x 1 =4.3085 rad/s),
k16 =0.2854. Consequently, the APB LWAC that provides a PI ap-
proximation of the LWAC, designed in Sec. IV.A [Eq. (64)], is
PI ´ ¡ (6.6667/ s) + 0.1104. Figure 7 shows the Bode plot of the
controller.APB LWAC performanceis very close to that of the orig-
inal LWAC, particularly for the frequencies around the � rst mode.
Figure 8 shows that the controller shifts the peaks to the left and
increases the damping of the system around the second mode, with
little attenuation of the � rst modal amplitude (1 dB). The controller
does not suppress the � exural vibration of the beam effectively,due
to the short sensing area, that is, ls =150 mm.

B. Collocation (Unequal Length Transducers)
In this case two long piezosensorsare used to sense the traveling

waves: ls1,2 = 800 mm and xs1,2 =500 mm. The CFM LWAC is
PI ´ ¡ (9.0/ s) + 1.0. The magnitude and phase of the controller
with respect to the frequency are shown in Fig. 9. It is seen that for
low frequencies,the CFM LWAC is close to the originalLWAC. The
dynamic response of the control system is compared with the open-
loop response in the frequency domain in Fig. 10. The closed-loop
system performance with the original and approximated controller
are very close to each other in the low-frequencyrange. The LWAC
provides large damping to the dynamic system. The closed-loop
response of the smart structure to the initial tip displacement of 4
mm is shown and compared with that of the open loop in Fig. 11.
The controller damps the � exural vibration quickly.

C. Noncollocation
The following con� guration of the piezosensors is considered

for this case (Fig. 3): ls1,3 = ls2,4 = 200 mm, xs1,3 =200 mm, and
xs2,4 = 800 mm.

The approximate model for the LWAC obtained from curve � t-
ting the Bode diagrams (CFM LWAC) is PI ´ ¡ (7.0/ s) + 0.35.
Figure 12 shows the Bode plot of the controller. It can be seen that
in the low-frequency range the controller behaves like a PI con-
troller, the approximate and the original controller behaviorsmatch
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Fig. 7 Collocated LWAC: equal length transducers.

Fig. 8 Frequency response of the smart structure with the collocated LWAC: equal length transducers.

Fig. 9 Collocated LWAC: unequal length transducers.

quite well. The performance of the closed-loop control system is
compared with the open loop in Fig. 13. The LWAC suppresses the
vibration effectively, particularly in the low-frequency range. The
� rst mode peak is decreased signi� cantly in magnitude by 9 dB.
The PI model of CFM LWAC performs very similarly to the orig-
inal LWAC, and this simple approximation can be quite effective.
The time-domain response of the � exible beam is shown in Fig. 14
with an initial tip displacement of 4 mm with and without control.
Comparing the open-loopand closed-loopresponses shows that the
controller does indeed signi� cantly damp the vibration.

D. Sensing Length Effect on the LWAC
The performance of the controlled smart structure with different

lengths of the piezosensorsstudied in the preceding sections shows
that the LWAC becomes much more effective in active vibration
damping as the length of the sensing area increases. For example,
in the case of covering 800 mm of the beam length, the controller
provided the highest damping, whereas the lowest damping was
for the collocation case with a piezosensor 150 mm in length. This
effect and the effects of other parameters, such as structural length
and stiffness, are studied by Youse� -Koma and Vukovich.18
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Fig. 10 Frequency response of the smart structure with the collocated LWAC: unequal length transducers.

Fig. 11 Tip displacement of the smart structure with the collocated LWAC: unequal length transducers.

Fig. 12 Noncollocated LWAC.

Fig. 13 Frequency response of the smart structure with the noncollocated LWAC.
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Fig. 14 Tip displacement of the smart structure with the noncollocated LWAC.

VI. Conclusions
A novel active wave control system for vibration suppression

of smart structures was developed. Both sensors and actuators are
of piezoelectricmaterials. After deriving a dynamic wave model of
the distributed piezoelectric sensors for both strain and strain rate
measurements, the need for differentiator terms in the control loop
was eliminated, and, consequently, the controller is less sensitive
to noises. By the use of aggregate output and aggregate input wave
functions, a control criterion was introduced and employed to de-
sign the wave control system. Although the wave method is most
often employed in active noise and acoustic control by previous re-
searchers, the wave controller introduced here was capable of low-
frequency vibration control as well. A new approximation of the
nonlinear realizationof the wave controller resulted in a parameter-
based PI controller that can be easily implemented in practice. The
frequency-and time-domainresults showed that the controllercould
suppress the � exural vibrations effectively.
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